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Abstract Approaches to the calculation of magnetizability

and nuclear magnetic shieldings in a molecule, based on

continuous translation of the origin of the magnetic field-

induced electronic current density, are reviewed. The con-

nections among apparently unrelated philosophies (Geertsen

propagator methods, Keith-Bader continuous set of gauge

transformations, and analytical reformulation by Lazzeretti,

Malagoli, and Zanasi) are emphasized, and a unitary theo-

retical scheme is given.

Keywords Molecular magnetic response � Magnetic

field-induced current density � Continuous translation

of the origin of the current density

1 Introduction

The van Vleck theory of magnetic susceptibilities [1] and the

Ramsey approach to nuclear magnetic shielding [2–4] are

based on the quantum mechanical Rayleigh–Schrödinger

perturbation theory (RSPT). [5] The van Vleck–Ramsey

(VR) method [1–4] can advantageously be reformulated via

an equivalent approach, in terms of induced electronic cur-

rent densities, allowing for ‘‘phenomenological’’ relation-

ships that actually restate the validity of the laws of classical

electrodynamics [6] in a quantum mechanical context.

Magnetizability [1] nab and nuclear magnetic shielding

[2–4] rab
I can therefore be determined via the quantum

mechanical electronic current densities JB and JmI ; induced

by an applied magnetic field with flux density B and by an

intramolecular magnetic dipole moment mI on nucleus I.

The theories of magnetic response [1–3] are gauge

invariant in the limit of exact eigenfunctions to a model

Hamiltonian. The conditions for gauge invariance of

magnetic response properties calculated via optimal vari-

ational wavefunctions have been investigated by Epstein

[7, 8] and Sambe [9] in connection with charge conserva-

tion [10]. Arrighini, Maestro, and Moccia (AMM) reported

quantum mechanical sum rules for invariance in the gauge

transformation that amounts to a translation of the origin of

the coordinate system [11–13]. The AMM relationships,

which also restate charge-current conservation [10] in

integral form, as shown later on [14, 15], are exactly sat-

isfied only in the ideal cases investigated by Epstein [7, 8]

and Sambe [9]. In actual calculations employing a common

gauge origin (CGO) and ordinary (gaugeless) basis sets,

they are only approximately fulfilled. Numerical experi-

ence and simple theoretical considerations show that the

quality of CGO calculations increases by improving basis

set size and quality. Only in the limit of complete basis set

would the AMM sum rules be numerically verified and

calculated magnetic properties origin independent.

This state of affairs prompted the implementation of

computational methods using gauge-including atomic

orbitals (GIAO) [16]1, first introduced by London [17].

Computer packages available nowadays [18–20] adopt

London orbitals for accurate calculation of magnetic

properties including electronic correlation [21].
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A different solution of the gauge-origin problem for

magnetizability and nuclear magnetic shielding was pro-

posed by Geertsen [22–24]. In his treatment, the dia-

magnetic contributions to magnetic properties, evaluated

as expectation values within the conventional RSPT

approaches [2–4], are rewritten as polarization propaga-

tors. However, the Geertsen claim was later reconsidered,

showing that his method provides only origin-independent

average nuclear magnetic shieldings [25]. A computa-

tional scheme à la Geertseen has been employed by Smith

et al. [26].

An approach referred to as CSGT (for continuous set of

gauge transformations), which, at first sight, appears not

linked to that of Geertsen, was put forward by Keith and

Bader (KB) [27–29]. Within the computational scheme

implemented by these authors, the diamagnetic contribu-

tion to the JB(r) current density vector field is formally

annihilated at each point r, by choosing that point as origin

of the coordinate system. The procedure was reformulated

in analytical form afterward and denominated ‘‘continuous

transformation of the origin of the current density’’

(CTOCD), whereby the diamagnetic term is set to zero

(DZ), in previous papers [25, 30], in which the reasons why

the acronym CTOCD seems preferable to CSGT have been

discussed. The denomination ipsocentric was suggested by

Steiner and Fowler [31]. A large body of work is based on

use of their methods for provision of interpretation of

molecular magnetic response via orbital-contribution

analysis [32–35], which can therefore be applied in a

uniform way to both localized and delocalized description

of the electronic structure. Thus, the advantages of the

ipsocentric approach carry over into the description of

integrated magnetic properties by a resolution into orbital

components.

Analogous procedures, based on formal annihilation of

the paramagnetic contribution to the current density, and

indicated by CTOCD-PZ, have been proposed [36–38].

The central aim of this article is to give an updated,

compact and self-contained, theoretical outline of CTOCD

methods, discussing results scattered in different journals

and illustrating in detail the connections with previous

formulations, that of Geertsen in particular [22–24], which,

as it were, has been reformulated allowing for Hermitian

operators. The nab CTOCD-DZ and CTOCD-PZ magne-

tizabilities have been re-defined as tensors symmetrical in

a$ b; as physically required, and the relationships

describing the change of nab in a translation of coordinate

system have accordingly been modified. The paper is

organized as follows. The conventional Rayleigh–Schrö-

dinger approach to magnetic properties is summarized in

Sect. 2. In Sect. 3, magnetizability and NMR shieldings are

represented by second-rank tensors in terms of electron

current densities induced by a static magnetic field and by a

nuclear magnetic dipole. A comprehensive discussion of

CTOCD is given in Sect. 4.

2 The Rayleigh–Schrödinger approach to magnetic

response properties

Standard tensor formalism is employed throughout this

paper, for example, the Einstein convention of implicit

summation over two repeated Greek subscripts is in force.

The notation adopted in previous references [15, 39, 40] is

used. The SI system of units has been adopted.

Within the Born-Oppenheimer (BO) approximation, for

a molecule with n electrons and N clamped nuclei, charge,

mass, position, canonical, and angular momentum of the

i-th electron are indicated, in the configuration space, by

�e;me; ri; p̂i; l̂i ¼ ri � p̂i; i ¼ 1; 2. . .n: Analogous quan-

tities for nucleus I are ZIe, MI, RI, etc., for I ¼ 1; 2. . .N:

Capital letters denote total electronic operators, for exam-

ple, R̂ ¼
Pn

i¼1 ri; P̂ ¼
Pn

i¼1 p̂i; L̂ ¼
Pn

i¼1 l̂i; etc. N 0 nuclei

are endowed with an intrinsic magnetic dipole mI ¼ cI�hII ,

expressed via the magnetogyric ratio cI and spin �hII of

nucleus I. Within the framework of the BO approximation,

mI is regarded as a mere phenomenological parameter.

The magnetic Hamiltonians describe the interaction of

electrons with the intramolecular perturbation, that is, the

intrinsic magnetic dipoles mI, via the vector potential
PN0

I¼1 AmI , and with an external, spatially uniform and

time-independent magnetic field B ¼ r� AB,

A ¼ AB þ
XN 0

I¼1

AmI ; ð1Þ

AB ¼ 1

2
B� r; ð2Þ

AmI ¼ l0

4p
mI � ðr� RIÞ

r� RIj j3
: ð3Þ

within the constraint of Coulomb gauge

r � A ¼ 0; ð4Þ

explicitly satisfied by the vector potentials (1).

The operator for the orbital magnetic dipole moment is

related to the angular momentum operator with respect to

the origin of the coordinate system, that is,

m̂i ¼ �
e

2me
l̂i; m̂ ¼

Xn

i¼1

m̂i: ð5Þ

The operator for the magnetic field exerted by the electrons

on nucleus I is

B̂n
I ¼

Xn

i¼1

B̂i
I ; B̂i

I ¼ �
e

me
M̂i

I ; ð6Þ

Page 2 of 12 Theor Chem Acc (2012) 131:1222

123



introducing the operator

M̂i
I ¼

l0

4p
ri � RI

r� RIj j3
� p̂i ¼

l0

4p
l̂iðRIÞ

r� RIj j3
; M̂n

I ¼
Xn

i¼1

M̂i
I ;

ð7Þ

where l̂iðRIÞ is the angular momentum operator for

electron i with respect to the origin at nucleus I. We also

define the operators

n̂d
ab ¼ �

e2

4me

Xn

i¼1

r2
cdab � rarb

� �

i
; ð8Þ

r̂dI
ab ¼

e

2mec2

Xn

i¼1

ricÊ
i
Ic
dab � riaÊi

Ib

� �
; ð9Þ

r2
c � rcrc ð10Þ

where Êi
I denotes the multiplicative operator for the

electric field of electron i on nucleus I,

Êi
I ¼

1

4p�0

e
ri � RI

jri � RI j3
; ð11Þ

and

l0�0c2 ¼ 1: ð12Þ

In this notation the VR Hamiltonians [1–3] are cast in

the form

ĤB ¼ e

me

Xn

i¼1

AB
i � p̂i ¼ �m̂aBa; ð13Þ

ĤmI ¼ e

me

Xn

i¼1

AmI
i � p̂i ¼ �B̂n

IamIa ; ð14Þ

ĤBB ¼ e2

2me

Xn

i¼1

AB
i � AB

i ¼ �
1

2
n̂d

abBaBb; ð15Þ

ĤmI B ¼ e2

me

Xn

i¼1

AB
i � A

mI
i ¼ r̂dI

abmIaBb: ð16Þ

The total electronic energy of a molecule, in the

presence of external magnetic field B and intramolecular

magnetic dipoles mI, is

W ¼ W ð0Þ � 1

2
nabBaBb þ rI

abmIaBb þ � � � ; ð17Þ

where

nab ¼ �
o2W

oBaoBb

�
�
�
�
B!0

ð18Þ

is the magnetizability, and

rI
ab ¼

o2W

omIaoBb

�
�
�
�
mI ;B!0

ð19Þ

is the magnetic shielding at nucleus I. Within the Rayleigh–

Schrödinger perturbation theory, the expressions for first-

and second-order contributions to the electronic energy

of a molecule in the reference electronic state aj i � jWð0Þa i
are

W ð1Þa ¼ a Ĥð1Þ
�
�

�
�a

D E
; ð20Þ

W ð2Þa ¼ a Ĥð2Þ
�
�

�
�a

D E
� 1

�h

X

j 6¼a

x�1
ja a Ĥð1Þ

�
�

�
�j

D E
j Ĥð1Þ
�
�

�
�a

D E
;

ð21Þ

where Ĥð1Þ ¼ ĤB þ ĤmI and the second-order Hamiltonians

are specified by Eqs. (15) and (16). Ĥð0Þ is the BO

unperturbed electronic Hamiltonian of a molecule, so that

Ĥð0Þjji ¼ W
ð0Þ
j jji;

and

xja ¼ ðW ð0Þj �W ð0Þa Þ=�h

is a natural transition frequency for the excited state

jji � jWð0Þj i.
Allowing for relationships (17), (20) and (21), for the

Hellmann-Feynman theorem, and for the expression

Â; B̂
� �

�1
¼ 2

�h

X

i 6¼a

x�1
ia < a Â

�
�
�
�i

� �
i B̂
�
�
�
�a

� �� �
� � A; Bh ih ix¼0;

ð22Þ

for the polarization propagator [41, 42], the magnetizability

is evaluated as

nab ¼ nd
ab þ np

ab; ð23Þ

nd
ab ¼ a n̂d

ab

�
�
�

�
�
�a

D E
; ð24Þ

np
ab ¼ m̂a; m̂b

� �
�1
; ð25Þ

and the magnetic shielding at nucleus I is

rI
ab ¼ rdI

ab þ rpI
ab; ð26Þ

rdI
ab ¼ a r̂dI

ab

�
�
�

�
�
�a

D E
; ð27Þ

rpI
ab ¼ � B̂n

Ia
; m̂b

n o

�1
: ð28Þ

3 The electronic current density induced by a static

magnetic field

Adopting the McWeeny normalization and allowing for his

notation [43–45], the probability density matrix for an

n-electron quantum state Wj i is defined by the relationship
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c x; x0ð Þ ¼ n

Z

Wðx; x2; . . .xnÞW�ðx0; x2; . . .xnÞ dx2. . .dxn;

ð29Þ

where xi : ri � gi is a space-spin coordinate, and dxi :
d3ri � dgi. By integrating over the spin variable g, a spatial

density matrix is obtained,

c r; r0ð Þ ¼
Z

g0¼g

c x; x0ð Þdg: ð30Þ

The diagonal elements of the density matrix, Eq. (30),

cðrÞ ¼ c r; rð Þ; ð31Þ

give the electronic charge distribution of the state

qðrÞ ¼ �ecðrÞ: ð32Þ

For the unperturbed reference state Wð0Þa ; the probability

and charge density, Eqs. (31) and (32), become

cð0ÞðrÞ ¼ n

Z

dx2. . .dxn Wð0Þa ðr; x2; . . .xnÞWð0Þ�a ðr; x2; . . .xnÞ;

ð33Þ

qð0ÞðrÞ ¼ �ecð0ÞðrÞ: ð34Þ

The probability current density is obtained from Eq. (30)

for the density matrix,

jðrÞ ¼ 1

me
< p̂c r; r0ð Þ½ �r0¼r; ð35Þ

where < takes the real part of the content within brackets.

The operator for the electronic mechanical momentum in

the presence of external magnetic field and intramolecular

magnetic dipoles mI at the nuclei is defined by

p̂ ¼ p̂þ e AB þ
XN 0

I¼1

AmI

 !

ð36Þ

within the Gell-Mann minimal coupling principle [46]. The

electronic current density is given by

JðrÞ ¼ �ejðrÞ: ð37Þ

The zero-order current density, see Eqs. (35) and (37),

vanishes identically for a reality condition, if the reference

state is an electronic singlet, which can always be

expressed in real form.

If the analytic expressions for the spatial density func-

tions, Eqs. (32) and (37), were known, the calculation of

the electronic properties (23)–(25) and (26)–(28) of a

molecule would be straightforward. The response tensors

might be evaluated via phenomenological equations, for-

mally identical to those applied in classical theory, see Eqs.

(46)–(47) hereafter. In practice, however, the density

functions, Eqs. (32) and (37), are evaluated from an

electronic wavefunction Wj i; which is usually given as a

perturbation series in powers of some physically mean-

ingful parameter. For instance, for a molecule in the

presence of an external spatially uniform, time-independent

magnetic field B and an intramolecular magnetic dipole mI

on nucleus I, the electronic wave function for the a refer-

ence state will be expressed in the general form

Wa ¼ Wð0Þa þWB
a � BþWmI

a �mI þ � � � ; ð38Þ

where WB
a and WmI

a are axial vectors with three independent

components, see Eqs. (39) and (40) hereafter.

Allowing for the Rayleigh–Schrödinger perturbation

theory, see Sect. 2, we assume that a complete set jWð0Þj i �
jji of eigenstates to the unperturbed Hamiltonian H(0) is

available, together with first-order perturbed functions,

WBa
a

�
�

�
¼ 1

�h

X

j 6¼a

x�1
ja jjihjjm̂ajai; ð39Þ

and

WmIa
a

�
�

�
¼ 1

�h

X

j 6¼a

x�1
ja jj i jjB̂n

Ia
ja

D E
: ð40Þ

Employing Eqs. (35)–(37), the first-order electronic

current density induced by the external magnetic field can

be written as a sum of paramagnetic and diamagnetic

contributions,

JB ¼ JB
p þ JB

d ; ð41Þ

where

JB
d ðrÞ ¼ �

e2

2me
B� rcð0ÞðrÞ; ð42Þ

is related to the probability density of the unperturbed

molecule, see Eq. (34). Using Eq. (39), p̂�a ¼ �p̂a and

WB�
a ¼ �WB

a ; the paramagnetic contribution is given by

JB
p ðrÞ ¼ �

ne

me

Z

dx2. . .dxn

� B �WB�
a ðr; x2; . . .xnÞp̂Wð0Þa ðr; x2; . . .xnÞ

h

þWð0Þ�a ðr; x2; . . .xnÞp̂B �WB
a ðr; x2; . . .xnÞ

i
: ð43Þ

The terms of the vector potential, Eq. (36), involving

nuclear magnetic dipoles give rise to the classical Larmor

contributions, as discussed previously [15],

JmI

d ðrÞ ¼ �
e2

me
AmI cð0ÞðrÞ; ð44Þ

due to diamagnetic nuclear spin/electron orbit interaction

discussed by Ramsey [47].

The paramagnetic spin-orbital contributions to the

electronic current density induced by the nuclear magnetic
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dipole are obtained from Eqs. (35) and (36). Since WmI�
a ¼

�WmI
a ; the current density expression

JmI
p ðrÞ ¼ �

en

me

Z

dx2. . .dxn

� mI �WmI�
a ðr; x2; . . .xnÞ p̂ Wð0Þa ðr; x2; . . .xnÞ

h

þWð0Þ�a ðr; x2; . . .xnÞ p̂ WmI
a ðr; x2; . . .xnÞ �mI

i

ð45Þ

is found for the contribution due to paramagnetic spin-orbit

interaction. The three-dimensional vector fields defined via

Eqs. (43) and (45) have the direction of the p̂ vector.

The response properties introduced via Eqs. (17)–(19)

are conveniently re-expressed via the induced current

densities allowing for the relationships of classical elec-

trodynamics [6]

WBB ¼ � 1

2

Z

AB � JBd3r; ð46Þ

WmIB ¼ �
Z

AmI � JBd3r ¼ �
Z

AB � JmI d3r; ð47Þ

which define the second-order contribution to the Ray-

leigh–Schrödinger electronic energy, Eq. (21).

The explicit expressions for the response tensors,

obtained by differentiating the perturbed second-order

energies (46), (47) as in Eqs. (18), (19), are identical to the

relationships, Eqs. (23)–(26), from the Rayleigh–Schrö-

dinger perturbation theory. Therefore, Eqs. (46) and (47)

can be used as computational recipes alternative to Eqs.

(23) and (26). Formulae rewritten in terms of current

density tensors are obtained in the following.

3.1 Magnetizability and nuclear magnetic shielding

tensors from electronic current density

The orbital magnetic dipole moment induced in the n

electrons of a molecule by an external magnetic field with

flux density B is evaluated assuming linear response,

D m̂ah i ¼ nabBb ¼ �
1

2
�abc

Z

JB
b ðrÞrc d3r: ð48Þ

The magnetic field induced at an observation point R is

determined by the Biot-Savart law [6],

D Bn
aðRÞ

� �
¼ �rabðRÞBb ¼

l0

4p
�abc

Z

JB
b ðrÞ

Rc � rc

jR� rj3
d3r:

ð49Þ

Introducing the current density tensor [25] via the

derivative

J Bb
a ðrÞ ¼

o

oBb
JB
a ðrÞ; ð50Þ

with paramagnetic components

J Bb
pa
ðrÞ ¼ � ne

me

Z

dx2. . .dxn WBb�
a ðr; x2; . . .xnÞp̂aW

ð0Þ
a ðr; x2; . . .xnÞ

h

þWð0Þ�a ðr; x2; . . .xnÞp̂aW
Bb
a ðr; x2; . . .xnÞ

i
;

ð51Þ

and diamagnetic components

J Bb

da
ðrÞ ¼ � e2

2me
�abcrcc

ð0ÞðrÞ; ð52Þ

the magnetizability tensor is evaluated by (18) and (46)

nab ¼
1

4

Z

rc �acdJ Bb

d þ �bcdJ Ba
d

� �
d3r; ð53Þ

and the shielding tensor at R is obtained as

radðRÞ ¼ �
l0

4p
�abc

Z
rb � Rb

jr� Rj3
J Bd

c ðrÞ d3r: ð54Þ

If R coincides with the position RI of the I-th nucleus,

carrying an intrinsic magnetic dipole mIa ; the quantity

rab(RI):rab
I defines the magnetic shielding tensor of that

nucleus.

3.2 Invariance of magnetizability, nuclear magnetic

shielding and electronic current density in a gauge

translation

In a gauge transformation of the vector potential (2),

AB ! AB þrf ; ð55Þ

induced by an arbitrary generating function f(r) well-

behaved for r!1; the interaction energy and the

molecular properties (magnetizability, nuclear shieldings,

and the induced current densities) are invariant for exact

[12, 13, 15, 25, 40, 48–51] and optimal variational

eigenfunctions [7]. Gauge invariance is related to charge-

current conservation [7, 8, 10], as can immediately be seen.

For instance, in the change of gauge (55) considered above,

one gets an additional term on the r.h.s. of the second

identity, Eq. (47), which is required to identically vanish

for the energy to stay the same, that is,
Z

JmI � rf d3r ¼
Z

r � ðf JmI Þ �
Z

fr � JmI : ð56Þ

In fact, owing to the Gauss theorem, the first volume

integral on the r.h.s. of Eq. (56) is converted into a surface

integral, vanishing due to the boundary conditions

cð0ÞðrÞ; JmI
a ðrÞ ! 0 for r!1: Therefore, the integral on

the l.h.s. of Eq. (56), arising in the gauge transformation

induced by the generating function f, vanishes, and the

interaction energy (47) is invariant, if the continuity
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equation for the stationary state r � JmI ¼ 0 is satisfied.

As f is fully arbitrary, one finds in particular, for f: x, y, z,

the integral conservation condition
Z

JmI
a d3r ¼

Z

d3r JmI
pa þ JmI

da

� �

¼ e2

m2
e

P̂a; M̂
n
Ib

n o

�1
� me

ec2
�abc a Ên

Ic

�
�
�
�
�
�a

D E� �
mIb ¼ 0

ð57Þ

for the electronic current density induced by a nuclear

magnetic dipole. The condition for charge-current

conservation is expressed via the AMM sum rule [12, 13]

P̂a; M̂
n
Ib

n o

�1
¼ me

ec2
�abc a Ên

Ic

�
�
�
�
�
�a

D E
; ð58Þ

which is also a constraint for translational invariance of

calculated magnetic shieldings, see Eqs. (76)–(77)

hereafter.

The analogous integral constraint for conservation of the

JB current density, Eq. (41), is obtained from Eqs. (42) and

(43), relying on an equation similar to (56),
Z

JB
a d3r ¼

Z

d3r JB
pa þ JB

da

� �

¼ e2

m2
e

P̂a; L̂b
� �

�1
�me�abc a R̂c

�
�
�
�a

� �	 

Bb ¼ 0:

ð59Þ

This is satisfied by the AMM sum rule [11]

P̂a; L̂b

� �
�1
¼ me�abc a R̂c

�
�
�
�a

� �
; ð60Þ

which is also a condition for origin independence of

calculated magnetizabilities [11, 15, 25, 40, 48–51], see

Eqs. (74)–(75) hereafter. The Condon sum rule for rota-

tional strengths within the dipole velocity formalism [52]

is obtained from the more general Eq. (60) by putting

a = b.

In a change

r0 ! r00 ¼ r0 þ d ð61Þ

of the origin of coordinate system, which can be associated

with the change of gauge

ABðr� r0Þ ! ABðr� r00Þ
¼ ABðr� r0Þ þ r½ABðr� r0Þ � d�; ð62Þ

the diamagnetic contribution (42) to the current density

induced by the external magnetic field changes:

JB
d ðr� r0Þ ! JB

d ðr� r00Þ ¼ JB
d ðr� r0Þ þ Jd�B

d ðrÞ; ð63Þ

where

Jd�B
d ðrÞ ¼ � e2

2me
d� Bcð0ÞðrÞ: ð64Þ

The wavefunction WB
a changes according to

B �WB
a ! B �WB

a þ d� B �Wd�B
a ; ð65Þ

where

Wd�B
a

�
�

�
¼ � e

2me�h

X

j 6¼a

x�1
ja jjihjjP̂jai; ð66Þ

therefore, the paramagnetic contribution to the current

density induced by the external magnetic field, Eq. (43),

transforms

JB
p ðr� r0Þ ! JB

p ðr� r00Þ ¼ JB
p ðr� r0Þ þ Jd�B

p ðrÞ; ð67Þ

where

Jd�B
p ðrÞ ¼ � ne

me

Z

dx2. . .dxn

� d� B �Wd�B�
a ðr; x2; . . .xnÞp̂Wð0Þa ðr; x2; . . .xnÞ

h

þWð0Þ�a ðr; x2. . .xnÞp̂B �Wd�B
a ðr; x2; . . .xnÞ

i
:

ð68Þ

Allowing for the Ehrenfest off-diagonal hypervirial

relationship [7]

� i

me
x�1

ja jjP̂ja
� �

¼ jjR̂ja
� �

ð69Þ

one finds

Wd�B
a ¼ � ie

2�h
R̂Wð0Þa ; R̂ ¼ R̂� ajR̂ja

� �
; ð70Þ

then

Jd�B
p ðrÞ ¼ �Jd�B

d ðrÞ: ð71Þ

The conservation condition for Jd�BðrÞ; is obtained from

Eqs. (64) and (68),
Z

Jd�B
a d3r ¼

Z

d3r Jd�B
pa þ Jd�B

da

� �

¼ � e2

2m2
e

�bcddcBd P̂a; P̂b
� �

�1
�mendab

	 

¼ 0:

ð72Þ

This is satisfied by the AMM sum rule [11]

P̂a; P̂b

� �
�1
¼ mendab; ð73Þ

which is the Thomas–Reiche–Kuhn (TRK) sum rule for

oscillator strengths within the dipole velocity gauge, also

providing a condition for origin independence of calculated

magnetizabilities [11, 15, 25, 40, 48–51]. We emphasize

that the Ehrenfest relationship (69) yields the basic con-

dition for the existence of sum rules (58), (60), (73) and

identities (70), (71).
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In the gauge translation (62), the components of the

magnetizability tensor change according to the relation-

ships [11, 15, 40, 53]

nd
abðr

00 Þ ¼ nd
abðr

0 Þ þ e2

4me

� 2 a R̂cðr0Þ
�
�

�
�a

� �
dabdc � db a R̂aðr0Þ

�
�

�
�a

� ��

� da a R̂bðr0Þ
�
�

�
�a

� �
� nðdcdcdab � dadbÞ

�
; ð74Þ

np
abðr

00 Þ ¼ np
abðr

0 Þ þ e2

4m2
e

� dd �acd P̂c; L̂bðr
0 Þ

n o

�1
þ�bcd P̂c; L̂aðr

0 Þ
n o

�1

� �h

þ dddl�acd�bkl P̂c; P̂k
� �

�1

�
;

ð75Þ

and the analogous change for the magnetic shielding tensor

of nucleus I is given by [12, 13, 15, 25, 40, 48–51]

rdI
abðr

00 Þ ¼ rdI
abðr

0 Þ
� e

2mec2
dc a Ên

Ic

�
�
�
�
�
�a

D E
dab � da a Ên

Ib

�
�
�
�
�
�a

D E� �
;

ð76Þ

rpI
abðr

00 Þ ¼ rpI
abðr

0 Þ � e2

2m2
e

dd�bcd M̂n
Ia
; P̂c

n o

�1
: ð77Þ

The total magnetizability, Eq. (23), is origin independent if

the sum rules (60) and (73) are satisfied, and the condition

for origin independence of nuclear magnetic shielding, Eq.

(26), is given by the sum rule (58).

4 Methods of continuous translation of the origin

of the current density

Geertsen proposed to rewrite the diamagnetic contributions

to total magnetic properties of the conventional theory [1,

2, 4] in propagator form [22–24]. The nice feature char-

acterizing the Geertsen approach is that the calculated

average magnetic shielding at a nucleus is origin inde-

pendent, irrespective of size and quality of the gaugeless

basis set retained within the algebraic approximation.

Correlated and gauge-origin-independent Geertsen-type

calculations of magnetic properties of triply bonded mol-

ecules [54, 55] and simple singly bonded molecules [56,

57] at the second-order polarization propagator approxi-

mation (SOPPA) [58] level have been reported.

Geertsen developed his approach via the commutators

AB
a AB

a ¼
i

4�h
BcBd�abc½ra; rb l̂d�;

AB
a AmI

a ¼
i

2�h
BcmId�abc½ra; rbM̂Id �: ð78Þ

In the spirit of the Geertsen method, Smith et al. [26]

proposed a sum-over-state expression for the diamagnetic

contribution to the nuclear magnetic shielding tensor. They

used the commutator

r0b rarb � rbra; rc
� �

¼ rar0c � rbr0bdac; ð79Þ

see their Eqs. (23)–(25) for a gauge origin r0.

Slightly modifying the Geertsen formulation [22–24], it

is expedient to introduce the Hermitian one-electron

operators

ûab ¼
1

2
ðra l̂b þ l̂braÞ; ð80Þ

t̂Iab ¼
1

2
ðraM̂Ib þ M̂IbraÞ; ð81Þ

so that

AB
a AB

a ¼
i

4�h
BcBd�abc ra; ûbd

� �
; ð82Þ

AB
a AmI

a ¼
i

2�h
BcmId�abc ra; t̂Ibd

� �
: ð83Þ

Therefore, allowing for relationships (2), (3), (15), (16),

(82) and (83), the n-electron operators for the diamagnetic

contributions can be rewritten in the form

n̂D
ab ¼

ie2

8me�h

Xn

i¼1

�bcd rc; ûda
� �

i
þ�acd rc; ûdb

� �
i

� �

¼ ie2

8me�h
�bcd R̂c; Ûda
� �

þ �acd R̂c; Ûdb
� �

i

� �
;

ð84Þ

r̂DI
ab ¼

ie2

2me�h
�bcd

Xn

i¼1

rc; t̂Ida

� �
i

¼ ie2

2me�h
�bcd

Xn

i¼1

R̂c; T̂Ida

� �
;

ð85Þ

where

Ûabðr0Þ ¼
Xn

i¼1

ûiabðr0Þ

¼ 1

2

Xn

i¼1

ðria � r0aÞl̂ibðr0Þ þ l̂ibðr0Þðria � r0aÞ
� �

; ð86Þ

is related to the Hermitian magnetic quadrupole operator

[59]

m̂ba ¼ �
e

3me
Ûab; ð87Þ

and

T̂n
Iab
ðr0Þ ¼

Xn

i¼1

t̂Iabðr0Þ

¼ 1

2

Xn

i¼1

ðria � r0aÞM̂i
Ib
þ M̂i

Ib
ðria � r0aÞ

h i
: ð88Þ
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Now, using the resolution of the identity
X

j

jj i jh j ¼ I;

the hypervirial relationship (69), with a P̂a

�
�
�
�a

� �
¼ 0; and

the expression (22) for the propagator, D contributions to

magnetizability and nuclear magnetic shielding are

obtained,

nD
ab ¼

e2

8m2
e

�acd P̂c; Ûdb

� �
�1
þ�bcd P̂c; Ûda

� �
�1

	 

; ð89Þ

rDI
ab ¼ �

e2

2m2
e

�bcd P̂c; T̂
n
Ida

n o

�1
; ð90Þ

which reduce to the conventional diamagnetic terms, Eqs.

(24) and (27), in the limit of exact eigenstates and optimal

variational wavefunctions.

Within the computational procedure developed by KB

[27, 28, 29], the current density induced in the electrons of

a molecule by a spatially uniform static magnetic field is

evaluated at every point of space assuming that the same

point is also the origin of the coordinate system. Magnetic

properties are then calculated by differentiating the rela-

tionships of classical electrodynamics, Eqs. (46) and (47),

involving the current density, according to the definitions

(18) and (19). The KB approach has been implemented

developing a pointwise procedure [27–29].

We will now show that the procedure of Keith and

Bader [27–29] is computationally equivalent to that of

Geertsen [22–24] reformulated in Eqs. (80)–(90).

The total current density vector field induced in a mol-

ecule by an external magnetic field, Eq. (41), is a function

of position JB = JB(r), whose origin can arbitrarily be

chosen in the case of exact and optimal variational wave-

functions [7]. In a change of coordinate system, Eq. (61),

diamagnetic and paramagnetic contributions change

according to Eqs. (63) and (67), but the total function

should remain the same [14, 15], that is,

JBðr� r00Þ ¼ JBðr� r0Þ þ J
ðr00�r0Þ�B
d ðrÞ þ Jðr

00�r0Þ�B
p ðrÞ

¼ JBðr� r0Þ � JBðrÞ:
ð91Þ

This notation implies that diamagnetic and paramagnetic

components, which depend on the coordinate system, are

evaluated corresponding to different origins.

Let us now consider continuous coordinate translations

whereby either the diamagnetic or paramagnetic contribu-

tions to the total current density are systematically annihi-

lated at every point r, all over the domain of a molecule.

These procedures were referred to as CTOCD-DZ and

CTOCD-PZ, setting to zero either the diamagnetic or

paramagnetic terms of the JB field.

The n-electron (diamagnetic) Larmor current density,

JB
d ðr� r00Þ in Eq. (63), is formally killed within the

CTOCD-DZ scheme for every point r by choosing that

point as origin of the coordinate system [27–29], so that

JB
d ðr� r0Þ ¼ �J

ðr�r0Þ�B
d ðrÞ: ð92Þ

Such a procedure amounts to killing everywhere the vector

potential (2), appearing in the definition of the diamagnetic

current density (42). However, it is impractical to regard

this procedure as a continuous gauge transformation, as this

would imply that also the second-order energies, Eq. (46)

and second identity of Eq. (47), vanish. That’s the reason

why the denomination CTOCD seems preferable to CSGT.

The expression for the total CTOCD-DZ current density

contains two non-Larmor terms, both referred to the ori-

ginal coordinate system, that is,

JBðrÞ ¼ JB
p ðr� r0Þ þ Jðr�r0Þ�B

p ðr� r0Þ; ð93Þ

where, allowing for the CTOCD prescription r00 � r in Eq.

(68), the second term on the r.h.s. is given by

Jðr�r0Þ�B
p ðr� r0Þ ¼ � ne

me

Z

dx2. . .dxn

� ðr00 � r0Þ � B �Wd�B�
a p̂Wð0Þa

h

þWð0Þ�a p̂ðr00 � r0Þ � B �Wd�B
a

i

r00¼r
:

ð94Þ

This notation means that r00 is put equal to r after operating

with p̂: It is convenient to recast relationship (94) in tensor

notation,

Jðr�r0Þ�B
pa ðr� r0Þ ¼ � ne

me
�bcdðrb � r0bÞBc

Z

dx2. . .dxn

� Wðd�BÞd�
a p̂aW

ð0Þ
a þWð0Þ�a p̂aW

ðd�BÞd
a

h i
:

ð95Þ

The total quantum mechanical current density is an invariant

quantity, mapped onto itself in a gauge transformation, in the

ideal case of electronic wavefunctions satisfying hypervirial

theorems, for example, optimal variational eigenfunctions

[7]. In particular, it remains the same in a change of

coordinate system, as recalled above. Then comparison

between Eqs. (41) and (93) necessarily implies that the new,

formally paramagnetic, term should be equivalent to the

diamagnetic contribution in the conventional formulation,

that is,

Jðr�r0Þ�B
p ðrÞ ¼ JB

d ðr� r0Þ; ð96Þ

for every r. This relationship can be directly proven via

Eqs. (42) and (94), using off-diagonal hypervirial rela-

tionships [15], for every plane perpendicular to B, where
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the original diamagnetic flow takes place. However, it

should be recalled that the formal replacement, according

to Eq. (96) of the diamagnetic term described by Eq. (42)

with a paramagnetic one in Eq. (93), introduces a spurious

paramagnetic component along the inducing magnetic field

in Eq. (94). Nonetheless, this quantity does not contribute

to the diagonal components of response properties [15].

In a change of coordinate system (61), the transforma-

tion laws for (43) and (95) are, respectively,

JB
paðr� r00Þ ¼ JB

paðr� r0Þ � ne

me
�bcdðr00b � r0bÞBc

Z

dx2. . .dxn

� Wðd�BÞd�
a p̂aW

ð0Þ
a þWð0Þ�a p̂aW

ðd�BÞd
a

h i
;

ð97Þ

and

Jðr�r0Þ�B
pa ðr� r00Þ ¼ Jðr�r0Þ�B

pa ðr� r0Þ

þ ne

me
�bcdðr00b � r0bÞBc

Z

dx2. . .dxn

� Wðd�BÞd�
a p̂aW

ð0Þ
a þWð0Þ�a p̂aW

ðd�BÞd
a

h i
:

ð98Þ

Two equal terms with opposite sign appear on the r.h.s of

these equations, and then, the total CTOCD-DZ current,

obtained by the algebraic sum of (97) and (98), is origin

independent. Its origin independence is guaranteed also for

approximate wavefunctions, whereas the property (41)

expressed as a sum of conventional diamagnetic (42) and

paramagnetic (43) contributions is invariant only in the

ideal cases recalled above.

Within the analytical CTOCD-DZ procedure [25, 60–62],

expressions for n and rI tensors are obtained from the sec-

ond-order energies (46) and (47), substituting the current

density, Eq. (93), and differentiating according to the defi-

nitions, Eqs. (18) and (19). The ‘‘diamagnetic’’ D-contribu-

tions are given by exactly the same relationships, Eqs. (89)

and (90), arrived at via a modified Geertsen method.

Therefore, the analytical CTOCD-DZ method [25, 30, 60–

62] is fully equivalent to that of Geertsen [22–24] and to that

implemented by Keith and Bader [27, 28], using the same

philosophy to annihilate the diamagnetic current density

term and numerical integration.

In a translation of origin r0 ! r00 ¼ r0 þ d,

Ûabðr00Þ ¼ Ûabðr0Þ � dc�bcdV̂adðr0Þ � daL̂bðr0Þ
þ dadc�bcdP̂d; ð99Þ

T̂n
Iab
ðr00Þ ¼ T̂n

Iab
ðr0Þ � daM̂n

Ib
; ð100Þ

where the Hermitian virial tensor operator [7] V̂ab

appearing in the transformation law, Eq. (99), for Ûab;

see Eq. (86), is defined

V̂abðr0Þ ¼
1

2

Xn

i¼1

ðria � r0aÞp̂ib þ p̂ibðria � r0aÞ
� �

: ð101Þ

Therefore, the changes of the diamagnetic CTOCD-DZ

contributions are evaluated from

nD
abðr00Þ ¼ nD

abðr0Þ �
e2

8m2
e

� dd �acd L̂bðr
0 Þ; P̂c

n o

�1
þ �bcd L̂aðr

0 Þ; P̂c

n o

�1

� �h

þ dk �acd�bkl þ �bcd�akl
	 


P̂c; V̂dlðr
0 Þ

n o

�1

� dddk �acd�bkl þ �bcd�akl

	 

P̂l; P̂c
� �

�1

�
;

ð102Þ

rDI
abðr00Þ ¼ rDI

abðr0Þ þ
e2

2m2
e

dd�bcd M̂n
Ia
; P̂c

n o

�1
: ð103Þ

On summing paramagnetic p and diamagnetic D
contributions in Eqs. (77) and (103), full cancellation of

equal terms linear in dd takes place on the r.h.s., then the

total CTOCD-DZ shieldings rI
ab ¼ rpI

ab þ rDI
ab are origin

independent. Terms depending on the square of the d shift,

Eq. (61), in Eqs. (75) and (102) cancel out on summing,

then total CTOCD-DZ magnetizabilities are origin

independent if the AMM sum rule (60) and the additional

constraint

L̂a; P̂b

� �
�1
¼ �ac� P̂�; V̂cb

� �
�1

ð104Þ

are fulfilled.

In Eq. (61), the shift of origin is represented by an

arbitrary constant vector d. Within the CTOCD-PZ

approach, a general transformation function d = d(r) is

sought, specifying the origin of the coordinate system in

which the paramagnetic contributions to the current density

is formally annihilated. This function is evaluated point-

wise via the condition determined by Eq. (67). The l.h.s. of

this relationship vanishes for

JB
p ðr� r0Þ ¼ �Jðr

00�r0Þ�B
p ðrÞ; ð105Þ

which gives the 3 9 3 system of linear equations

Md ¼ T; ð106Þ

where, allowing for Eqs. (66) and (67),

Mdb ¼
ne

me
�abcBc

Z

dx2. . .dxn

� W d�Bð Þa�
a p̂dW

ð0Þ
a þWð0Þ�a p̂dW

d�Bð Þa
a

h i
;

ð107Þ

and

Td ¼ �
ne

me
Ba

Z

dx2. . .dxn WBa�
a p̂dW

ð0Þ
a þWð0Þ�a p̂dW

Ba
a

h i
:

ð108Þ
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The 3 9 3 M matrix defined by Eq. (107) is singular, for

example, for B ¼ B�3; its last column vanishes.

M ¼
Mxx Mxy 0

Myx Myy 0

Mzx Mzy 0

0

@

1

A: ð109Þ

In physical terms, the quantum mechanical paramagnetic

current flowing in the direction of B cannot be annihilated

[15]. Therefore, a 2 9 2 subsystem of Eq. (106),

Mxx Mxy

Myx Myy


 �
dx

dy


 �

¼ Tx

Ty


 �

; ð110Þ

is solved, over a grid of points in real space, to determine

the components

dx ¼
TxMyy � TyMxy

MxxMyy �MxyMyx
;

dy ¼
TyMxx � TxMyx

MxxMyy �MxyMyx

ð111Þ

of the shift vector function that annihilates the paramag-

netic current over planes perpendicular to B.

Thus, within the CTOCD-PZ scheme, the transverse

current density contains only contributions that are for-

mally diamagnetic,

JBðrÞ ¼ JB
d ðr� r0Þ þ Jd�B

d ðr� r0Þ

¼ � e2

2mec
B� ½r� dðrÞ�cð0ÞðrÞ: ð112Þ

To show that the PZ current density, Eq. (112), is origin

independent, it is sufficient to verify that the shift functions

transform like a vector in a translation of coordinates, that

is,

daðr� r0Þ � daðr� r00Þ � d 0a � d 00a ¼ r00a � r0a � sa;

ð113Þ

see Fig. 1.

From the invariance constraint, Eqs. (91), and (105), the

identity

Jd�B
d ðr� r0Þ ¼ JB

p ðr� r0Þ ð114Þ

is obtained. This relationship does not provide a recipe for

calculating the shift functions in the approximate case but

yields the definition of exact d(r),

dxðrÞ ¼
2me

e2
cð0ÞðrÞ
h i�1

J Bz
py
ðrÞ;

dyðrÞ ¼ �
2me

e2
cð0ÞðrÞ
h i�1

J Bz
px
ðrÞ

ð115Þ

using the paramagnetic contribution to the current density

tensor, Eq. (51).

The Eqs. (109)–(111) are valid for cyclic permutations

of x, y, z; therefore, the transverse PZ current density (112)

is explicitly origin independent also for approximate

electronic wavefunctions, since it depends on the differ-

ence r - d(r) of two vectors whose origin can arbitrarily

be chosen.

The total CTOCD-PZ magnetizability is obtained by

differentiating the second-order energy

nab ¼ nd
ab þ nP

ab ¼ �
o2

oBaoBb
� 1

2

Z

JB � ABd3r


 �

;

ð116Þ

in which nab
d is the conventional diamagnetic term (24) of

the van Vleck theory [1], and the nP
ab term is obtained by

numerical integration from the second addendum within

brackets on the r.h.s. of Eq. (112). A formal expression is

obtained,

nP
ab¼

e2

4me

Z

cð0ÞðrÞ

� dcðrÞrcdab�
1

2
daðrÞrbþradbðrÞ
� �

� �

d3r;

¼ e2

4me
a
Xn

i¼1

dcðrÞrcdab�
1

2
daðrÞrbþradbðrÞ
� �

� �

i

�
�
�
�
�

�
�
�
�
�
a

* +

;

ð117Þ

replacing nab
p of the canonical theory [1].

It is expedient to define a multiplicative operator

D̂ðrÞ ¼
Xn

i¼1

diðrÞ

Fig. 1 Coordinate systems used in the CTOCD-PZ procedure. For

every point r, the origin is translated to a point d(r), so that the

paramagnetic contribution Jp
B to the current density, evaluated with

respect to the new origin, vanishes
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for n electrons, with expectation value

a D̂a

�
�
�
�a

� �
¼ a

Xn

i¼1

dia

�
�
�
�
�

�
�
�
�
�
a

* +

; ð118Þ

then, denoting the origin shift in Eq. (61), r00 � r0 ¼ s ¼
d0 � r00; as in Eq. (113), the change of the formally

paramagnetic contribution (117) to the magnetizability is

written

nP
abðr00Þ ¼ nP

abðr0Þ�
e2

4me
sc a R̂cðr0Þ

�
�

�
�a

� �
þ a D̂cðr0Þ

�
�

�
�a

� �	 

dab

�

�1

2
sa a R̂bðr0Þ

�
�

�
�a

� �
þ a D̂bðr0Þ

�
�

�
�a

� �	 
�

þ sb a R̂aðr0Þ
�
�

�
�a

� �
þ a D̂aðr0Þ

�
�

�
�a

� �	 
�

�n scscdab� sasb
	 
�

:

ð119Þ

Therefore, the condition for invariance of total CTOCD-PZ

magnetizability is obtained by comparison with Eq. (74),

ajR̂aja
� �

¼ ajD̂aja
� �

; ð120Þ

valid for any coordinate system, since the operator D̂a

transforms like a vector, according to Eq. (113). In par-

ticular, ajD̂aðReÞja
� �

¼ 0 in the limit of a complete basis

set calculation, if the origin of the coordinate system lies

at Re, the electronic centroid: the allocentric [63] PZ

procedure scatters the origin of the current density in such

a way that the statistical average of the da(r) functions

vanishes.

The P contribution to the magnetic shielding at nucleus

I is obtained by differentiating the second-order energy

(47), from the second addendum within brackets on the

r.h.s. of Eq. (112). Using numerical integration, it becomes

rPI
ab ¼ �

e

2mec2

Z

cð0ÞðrÞ dcðrÞÊIcðrÞdab � daðrÞÊIbðrÞ
� �

d3r

¼ � e

2mec2
a
Xn

i¼1

dicÊ
i
Ic
dab � diaÊi

Ib

� �
�
�
�
�
�

�
�
�
�
�
a

* +

:

ð121Þ

The change in the P contributions to the nuclear magnetic

shieldings in the translation (61) of the origin of the

coordinate system is

rPI
ab ðr00Þ ¼ rPI

ab ðr0Þ
þ e

2mec2
sc a Ên

Ic

�
�
�
�
�
�a

D E
dab � sa a Ên

Ib

�
�
�
�
�
�a

D E� �
;

ð122Þ

then there is complete cancellation with the corresponding

change in Eq. (76), and the total CTOCD-PZ shielding is

origin independent irrespective of basis set size and quality.

Calculations of magnetizability and nuclear magnetic

shielding in molecules employing the CTOCD-PZ

approach have been reported [37, 38, 64–66].

5 Concluding remarks and outlook

A review and new perspectives are presented on the con-

nections among various methods of calculation of molec-

ular magnetic response properties, all constructed with the

aim of finessing the troublesome gauge-origin problem that

plagued calculations of these types in the latter half of the

twentieth century. The analytical formulation of CTOCD-

DZ procedures, based on the ipsocentric choice of origin

that formally annihilates the diamagnetic contribution to

magnetic field-induced quantum mechanical current den-

sity, provides a compact and unitary theoretical framework,

showing the equivalence of apparently unrelated work of

different authors. CTOCD-PZ methods, formally destroy-

ing the paramagnetic contribution to the electronic current

density via a systematic allocentric choice of origin, have

only been implemented at numerical level: an analytical

formulation of the PZ philosophy has not so far been

reported. Attempts at developing CTOCD-PZ algorithms

via closed-form equations would seem theoretically inter-

esting, as well as able to be used for practical purposes.

Whereas current computational techniques based on

gauge-including atomic orbitals meet the requirement of

translational invariance of calculated magnetic properties,

they do not necessarily guarantee current/charge conser-

vation. On the other hand, CTOCD schemes account for

the fundamental identity between these constraints, which

are expressed by the same quantum mechanical sum rules.
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41. Linderberg J, Öhrn Y (1973) Propagators in quantum chemistry.

Academic Press, London

42. Olsen J, Jorgensen P (1985) J Chem Phys 82:3235

43. McWeeny R (1962) Phys Rev 126:1028

44. McWeeny R (1969) Quantum mechanics: methods and basic

applications. Pergamon Press, Oxford

45. McWeeny R (1989) Methods of molecular quantum mechanics.

Academic Press, London

46. Gell-Mann M (1956) Nuovo Cimento Suppl IV:848

47. Ramsey NF (1953) Phys Rev 91:303

48. Lazzeretti P, Zanasi R (1980) J Chem Phys 72:6768

49. Lazzeretti P, Zanasi R (1977) Int J Quantum Chem 12:93

50. Lazzeretti P, Malagoli M, Zanasi R (1991) Chem Phys 150:173

51. Lazzeretti P (2000) Ring currents. In: Emsley JW, Feeney J,

Sutcliffe LH (eds) Progress in nuclear magnetic resonance

spectroscopy, vol 36, Elsevier, Amsterdam, pp 1–88

52. Condon EU (1937) Rev Mod Phys 9:432

53. Lazzeretti P, Zanasi R, Cadioli B (1977) J Chem Phys 67:382

54. Sauer SPA, Oddershede J (1993) Correlated and Gauge invariant

calculations of nuclear shielding constants, volume 386 of NATO

ASI series C. Kluwer, Dordrecht
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