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Abstract Approaches to the calculation of magnetizability
and nuclear magnetic shieldings in a molecule, based on
continuous translation of the origin of the magnetic field-
induced electronic current density, are reviewed. The con-
nections among apparently unrelated philosophies (Geertsen
propagator methods, Keith-Bader continuous set of gauge
transformations, and analytical reformulation by Lazzeretti,
Malagoli, and Zanasi) are emphasized, and a unitary theo-
retical scheme is given.
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1 Introduction

The van Vleck theory of magnetic susceptibilities [1] and the
Ramsey approach to nuclear magnetic shielding [2—4] are
based on the quantum mechanical Rayleigh—Schrodinger
perturbation theory (RSPT). [5] The van Vleck—Ramsey
(VR) method [1-4] can advantageously be reformulated via
an equivalent approach, in terms of induced electronic cur-
rent densities, allowing for “phenomenological” relation-
ships that actually restate the validity of the laws of classical
electrodynamics [6] in a quantum mechanical context.
Magnetizability [1] &,; and nuclear magnetic shielding
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[2-4] Giﬁ can therefore be determined via the quantum
mechanical electronic current densities J® and J™, induced
by an applied magnetic field with flux density B and by an
intramolecular magnetic dipole moment m; on nucleus /.

The theories of magnetic response [1-3] are gauge
invariant in the limit of exact eigenfunctions to a model
Hamiltonian. The conditions for gauge invariance of
magnetic response properties calculated via optimal vari-
ational wavefunctions have been investigated by Epstein
[7, 8] and Sambe [9] in connection with charge conserva-
tion [10]. Arrighini, Maestro, and Moccia (AMM) reported
quantum mechanical sum rules for invariance in the gauge
transformation that amounts to a translation of the origin of
the coordinate system [11-13]. The AMM relationships,
which also restate charge-current conservation [10] in
integral form, as shown later on [14, 15], are exactly sat-
isfied only in the ideal cases investigated by Epstein [7, 8]
and Sambe [9]. In actual calculations employing a common
gauge origin (CGO) and ordinary (gaugeless) basis sets,
they are only approximately fulfilled. Numerical experi-
ence and simple theoretical considerations show that the
quality of CGO calculations increases by improving basis
set size and quality. Only in the limit of complete basis set
would the AMM sum rules be numerically verified and
calculated magnetic properties origin independent.

This state of affairs prompted the implementation of
computational methods using gauge-including atomic
orbitals (GIAO) [16]", first introduced by London [17].
Computer packages available nowadays [18-20] adopt
London orbitals for accurate calculation of magnetic
properties including electronic correlation [21].

! This is the first reference in which the reinterpretation of the GIAO
acronym for gauge-including-atomic-orbitals has been proposed, see
footnote 6, p. 5047
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A different solution of the gauge-origin problem for
magnetizability and nuclear magnetic shielding was pro-
posed by Geertsen [22-24]. In his treatment, the dia-
magnetic contributions to magnetic properties, evaluated
as expectation values within the conventional RSPT
approaches [2-4], are rewritten as polarization propaga-
tors. However, the Geertsen claim was later reconsidered,
showing that his method provides only origin-independent
average nuclear magnetic shieldings [25]. A computa-
tional scheme d la Geertseen has been employed by Smith
et al. [26].

An approach referred to as CSGT (for continuous set of
gauge transformations), which, at first sight, appears not
linked to that of Geertsen, was put forward by Keith and
Bader (KB) [27-29]. Within the computational scheme
implemented by these authors, the diamagnetic contribu-
tion to the JB(r) current density vector field is formally
annihilated at each point r, by choosing that point as origin
of the coordinate system. The procedure was reformulated
in analytical form afterward and denominated “continuous
transformation of the origin of the current density”
(CTOCD), whereby the diamagnetic term is set to zero
(DZ), in previous papers [25, 30], in which the reasons why
the acronym CTOCD seems preferable to CSGT have been
discussed. The denomination ipsocentric was suggested by
Steiner and Fowler [31]. A large body of work is based on
use of their methods for provision of interpretation of
molecular magnetic response via orbital-contribution
analysis [32-35], which can therefore be applied in a
uniform way to both localized and delocalized description
of the electronic structure. Thus, the advantages of the
ipsocentric approach carry over into the description of
integrated magnetic properties by a resolution into orbital
components.

Analogous procedures, based on formal annihilation of
the paramagnetic contribution to the current density, and
indicated by CTOCD-PZ, have been proposed [36-38].

The central aim of this article is to give an updated,
compact and self-contained, theoretical outline of CTOCD
methods, discussing results scattered in different journals
and illustrating in detail the connections with previous
formulations, that of Geertsen in particular [22-24], which,
as it were, has been reformulated allowing for Hermitian
operators. The £, CTOCD-DZ and CTOCD-PZ magne-
tizabilities have been re-defined as tensors symmetrical in
o < B, as physically required, and the relationships
describing the change of £, in a translation of coordinate
system have accordingly been modified. The paper is
organized as follows. The conventional Rayleigh—Schro-
dinger approach to magnetic properties is summarized in
Sect. 2. In Sect. 3, magnetizability and NMR shieldings are
represented by second-rank tensors in terms of electron
current densities induced by a static magnetic field and by a

@ Springer

nuclear magnetic dipole. A comprehensive discussion of
CTOCD is given in Sect. 4.

2 The Rayleigh—Schrodinger approach to magnetic
response properties

Standard tensor formalism is employed throughout this
paper, for example, the Einstein convention of implicit
summation over two repeated Greek subscripts is in force.
The notation adopted in previous references [15, 39, 40] is
used. The SI system of units has been adopted.

Within the Born-Oppenheimer (BO) approximation, for
a molecule with n electrons and N clamped nuclei, charge,
mass, position, canonical, and angular momentum of the
i-th electron are indicated, in the configuration space, by
—e7me7r,-7f)i,i,- =r; xPp;, i=1,2...n. Analogous quan-
tities for nucleus I are Zee, M;, R,, etc., for I = 1,2...N.
Capital letters denote total electronic operators, for exam-
ple, R=" r,P =37 p,L =371 etc. N nuclei
are endowed with an intrinsic magnetic dipole m; = y,il,,
expressed via the magnetogyric ratio y; and spin Al; of
nucleus /. Within the framework of the BO approximation,
my; is regarded as a mere phenomenological parameter.

The magnetic Hamiltonians describe the interaction of
electrons with the intramolecular perturbation, that is, the
intrinsic magnetic dipoles my, via the vector potential

ZIIV:’] A™_ and with an external, spatially uniform and
time-independent magnetic field B = V x AB,

N/
A=A%+) A™, (1)
=1
g 1
A" =-Bxr, (2)
2
mIZ@mIX(r—RI) (3)
4n r—R,P
within the constraint of Coulomb gauge
V-A=0, (4)

explicitly satisfied by the vector potentials (1).

The operator for the orbital magnetic dipole moment is
related to the angular momentum operator with respect to
the origin of the coordinate system, that is,

X e . XL
m; = —2—”1611‘, m = ;ml (5)

The operator for the magnetic field exerted by the electrons
on nucleus [ is

ﬁ? = Zﬁ;’ ];; = _—Mﬁa (6)
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introducing the operator

vyt Li(R))

~i Mo Ti— Ry
M= e re P T e R
7[|I' R1| 7T|l‘ R]‘

1 M=) M.
i=1
™)

where 1;(R;) is the angular momentum operator for
electron i with respect to the origin at nucleus /. We also
define the operators

2 n
5 e
6213 = _4—me 2 (r_f&a/; — rarﬁ)i, (8)
~dl e < i pi
o-a[)’ - 2meC2 Zl (ri"/'E175“ﬁ B riO(E]/;)v (9)
2
ry = ryry (10)

where I:]’, denotes the multiplicative operator for the
electric field of electron i on nucleus 1,

A . 1 I'l‘—R]

E = e—, 11
! 47T6() |I'i — l{]|3 ( )

and

toeoc® = 1. (12)

In this notation the VR Hamiltonians [1-3] are cast in
the form

n

AP = mi AP b, = —ii,B,, (13)
¢ i=l

~ e < . .

A YA = B, (14)

BB _ € N~ AB  AB 124

H :%ZA,. AP = =S &yBuBy, (15)
i1

qm;B & N B Am _ adi

H = Al - A = 6,5m;,Bp. (16)
€=

The total electronic energy of a molecule, in the
presence of external magnetic field B and intramolecular
magnetic dipoles my, is

1
W= WO = &B.By + aymi, By + (17)
where
*w
= 18
éaﬂ anaB/} B0 ( )

is the magnetizability, and

; o*w
O, p =
*$ " Omy, 0By

mI.BHO

is the magnetic shielding at nucleus /. Within the Rayleigh—
Schrodinger perturbation theory, the expressions for first-
and second-order contributions to the electronic energy
of a molecule in the reference electronic state |a) = |‘~I—’50)>
are

wil = <a I-AI(1>|a>7 (20)

%la) =530 (s

W(Sz) = <a

(21)

where H) = HB 4 A™ and the second-order Hamiltonians
are specified by Egs. (15) and (16). H® is the BO
unperturbed electronic Hamiltonian of a molecule, so that

is a natural transition frequency for the excited state
; 0
) = 1¥)").

Allowing for relationships (17), (20) and (21), for the
Hellmann-Feynman theorem, and for the expression

(48} ,= 3 SR R (50} = (4B

(22)

Ali)(i|B

for the polarization propagator [41, 42], the magnetizability
is evaluated as

Eup = Cop+ S (23)
52# = <a %g/i a>, (24)
By = (i}, (25)
and the magnetic shielding at nucleus / is

O’;ﬁ = 0% + a%, (26)
oty = (ald%]a), (27)
oh = —{I?Z,rh/;}il. (28)

3 The electronic current density induced by a static
magnetic field

Adopting the McWeeny normalization and allowing for his

notation [43-45], the probability density matrix for an
n-electron quantum state |¥) is defined by the relationship
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7(x;X) :n/‘I‘(x,xz,...x,l)‘P*(x’,xz,...x,,)dxz...dx,,,
(29)

where X; = r; ® 5, is a space-spin coordinate, and dx; =
d*r; ® dy;. By integrating over the spin variable 7, a spatial
density matrix is obtained,

yrsr) = / (% )di. (30)
n'=n

The diagonal elements of the density matrix, Eq. (30),

7(r) = y(r57), (31)
give the electronic charge distribution of the state
p(r) = —ey(x). (32)

For the unperturbed reference state ‘I“(lo), the probability
and charge density, Eqgs. (31) and (32), become

7O (r) =n / dx. . .dx, PO (r, x2,. . %) PO (r,%,, .. X,),

(33)

P (r) = ey (). (34)

The probability current density is obtained from Eq. (30)
for the density matrix,

. |

i(r) = — Ry (e )|, (35)
where ¥t takes the real part of the content within brackets.
The operator for the electronic mechanical momentum in
the presence of external magnetic field and intramolecular
magnetic dipoles m; at the nuclei is defined by

N/
ft:f)+e<AB+ZAm’> (36)
I=1

within the Gell-Mann minimal coupling principle [46]. The
electronic current density is given by

J(r) = —ej(r). (37)

The zero-order current density, see Eqs. (35) and (37),
vanishes identically for a reality condition, if the reference
state is an electronic singlet, which can always be
expressed in real form.

If the analytic expressions for the spatial density func-
tions, Egs. (32) and (37), were known, the calculation of
the electronic properties (23)—(25) and (26)—(28) of a
molecule would be straightforward. The response tensors
might be evaluated via phenomenological equations, for-
mally identical to those applied in classical theory, see Egs.
(46)—(47) hereafter. In practice, however, the density
functions, Egs. (32) and (37), are evaluated from an

@ Springer

electronic wavefunction |¥), which is usually given as a
perturbation series in powers of some physically mean-
ingful parameter. For instance, for a molecule in the
presence of an external spatially uniform, time-independent
magnetic field B and an intramolecular magnetic dipole m;
on nucleus /, the electronic wave function for the a refer-
ence state will be expressed in the general form

Y, =90 ¥ By m (38)

where WP and W™ are axial vectors with three independent
components, see Eqgs. (39) and (40) hereafter.

Allowing for the Rayleigh—Schrodinger perturbation
theory, see Sect. 2, we assume that a complete set |‘I’](0)> =

i) of eigenstates to the unperturbed Hamiltonian H® is
available, together with first-order perturbed functions,

) =3

Jj#a

) {ls|a), (39)

and
|wi) = Z o1 {JlBa). (40)

Employing Eqgs. (35)-(37), the first-order electronic
current density induced by the external magnetic field can
be written as a sum of paramagnetic and diamagnetic
contributions,

LI A (41)
where

2
Br)=- 2 B x 1y (r), (42)

is related to the probability density of the unperturbed
molecule, see Eq. (34). Using Eq. (39), p; = —p, and

‘PaB* = —‘P];, the paramagnetic contribution is given by
B _ne
J, (r) = - /dxz .dx,,
e

X [B WP x), .. x,) PP (1, %0, . . X,)

+ 9O (r %y, .. x,)pB - YB(r,x2,.. x,)|.  (43)
The terms of the vector potential, Eq. (36), involving
nuclear magnetic dipoles give rise to the classical Larmor

contributions, as discussed previously [15],

62 m;,,(0)
——A"y"(r), (44)

e

Ja'(r) =

due to diamagnetic nuclear spin/electron orbit interaction
discussed by Ramsey [47].

The paramagnetic spin-orbital contributions to the
electronic current density induced by the nuclear magnetic
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dipole are obtained from Egs. (35) and (36). Since Wi"* =
—W7 the current density expression

en
—— [ dx;...dx,

e

Iy (r) =

x [m, W (1 X, %) PO (1 s, LX)

+ PO (r, %, .. X,) P Y™ (1, X2, .. X,) -

(45)

is found for the contribution due to paramagnetic spin-orbit
interaction. The three-dimensional vector fields defined via
Eqgs. (43) and (45) have the direction of the p vector.

The response properties introduced via Egs. (17)—(19)
are conveniently re-expressed via the induced current
densities allowing for the relationships of classical elec-
trodynamics [6]

WhB — —% / AP JPdr, (46)

wmB — —/A‘“’ B = — /AB ™3, (47)
which define the second-order contribution to the Ray-
leigh—Schrodinger electronic energy, Eq. (21).

The explicit expressions for the response tensors,
obtained by differentiating the perturbed second-order
energies (46), (47) as in Egs. (18), (19), are identical to the
relationships, Egs. (23)—(26), from the Rayleigh—Schro-
dinger perturbation theory. Therefore, Eqs. (46) and (47)
can be used as computational recipes alternative to Egs.
(23) and (26). Formulae rewritten in terms of current
density tensors are obtained in the following.

3.1 Magnetizability and nuclear magnetic shielding
tensors from electronic current density

The orbital magnetic dipole moment induced in the n
electrons of a molecule by an external magnetic field with
flux density B is evaluated assuming linear response,

X 1
A,y = E,4Bg = =5y / TR (r)r, dr. (48)

The magnetic field induced at an observation point R is
determined by the Biot-Savart law [6],
Ry—1r 3

n Ho B 7
A(BI(R)) = —0,45(R)Bg = €45, [ J .
< 0(( )> /;( ) p 47_[6 ﬂ// i (r) |R r|3

(49)

Introducing the current density tensor [25] via the
derivative

() = g5 ) (50)

with paramagnetic components

TB(r) = **/dxz dxn Bt (e, %a, . X)p P (0, %2, . Xy)

+‘{’s)) (r,xy, .. x,,)p[,‘{’ i (r, xz,...x,,)],
(51)
and diamagnetic components
&2

JBﬁ (r) = 2m

Ezﬂyrﬂ(o) (l’)7 (52)

the magnetizability tensor is evaluated by (18) and (46)

1
. / 1y (ems T3 + o) &, (53)

and the shielding tensor at R is obtained as

s

If R coincides with the position R; of the I-th nucleus,
carrying an intrinsic magnetic dipole my,, the quantity
a.pR)= aéﬁ defines the magnetic shielding tensor of that
nucleus.

Rﬁ L TP (r) & (54)

(%) ( =

3.2 Invariance of magnetizability, nuclear magnetic
shielding and electronic current density in a gauge
translation

In a gauge transformation of the vector potential (2),
AP — A%+ Vf, (55)

induced by an arbitrary generating function fir) well-
behaved for r — oo, the interaction energy and the
molecular properties (magnetizability, nuclear shieldings,
and the induced current densities) are invariant for exact
[12, 13, 15, 25, 40, 48-51] and optimal variational
eigenfunctions [7]. Gauge invariance is related to charge-
current conservation [7, 8, 10], as can immediately be seen.
For instance, in the change of gauge (55) considered above,
one gets an additional term on the r.h.s. of the second
identity, Eq. (47), which is required to identically vanish
for the energy to stay the same, that is,

/J“" -Vfd3r=/v-(fJ“")—/fv-Jm'. (56)

In fact, owing to the Gauss theorem, the first volume
integral on the r.h.s. of Eq. (56) is converted into a surface
integral, vanishing due to the boundary conditions
7@ (r),J™ (r) — 0 for r — oc. Therefore, the integral on
the Lh.s. of Eq. (56), arising in the gauge transformation
induced by the generating function f, vanishes, and the
interaction energy (47) is invariant, if the continuity
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equation for the stationary state V - J™ = 0 is satisfied.
As fis fully arbitrary, one finds in particular, for f= x, y, z,
the integral conservation condition

/J';"d3r:/d3 (o am1)

2

= (1Pt}

for the electronic current density induced by a nuclear
magnetic dipole. The condition for charge-current
conservation is expressed via the AMM sum rule [12, 13]

Ao m,
{P“’Mlﬁ} 1 eczeaﬁ’< a>, (58)

which is also a constraint for translational invariance of
calculated magnetic shieldings, see Eqgs. (76)—(77)
hereafter.

The analogous integral constraint for conservation of the
J® current density, Eq. (41), is obtained from Eqgs. (42) and
(43), relying on an equation similar to (56),

/de3r:/d3r(J§1+ng)

2
= % ({Px,L/;}ﬂ—mee“/;,.<a|R~,|a>)B/; =0
e

m A~
ﬁﬁal}y<a‘E2 ‘a>>m,ﬂ = 0

(57)

£y

(59)
This is satisfied by the AMM sum rule [11]

{Pw /f} 1_m€6°‘13/< |R| ) (60)

which is also a condition for origin independence of
calculated magnetizabilities [11, 15, 25, 40, 48-51], see
Egs. (74)—(75) hereafter. The Condon sum rule for rota-
tional strengths within the dipole velocity formalism [52]
is obtained from the more general Eq. (60) by putting

o=p.
In a change
r —r'=r+d (61)

of the origin of coordinate system, which can be associated
with the change of gauge
ABr—r) - AB(r—r")

=AB(r—r)+VAP(r-r)-d, (62)

the diamagnetic contribution (42) to the current density
induced by the external magnetic field changes:

Ji(r—r) = B(r—v") = Jj(r =) + J7P(r),  (63)

where

2

J3E(r) = d x By (r). (64)

e
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The wavefunction ‘P': changes according to

BV B ¥ dxB ¥>B (65)
where

dxB\ __ € “11n
|‘Pa > - _Zmeh ;wja ><]‘P|a>a (66)

therefore, the paramagnetic contribution to the current
density induced by the external magnetic field, Eq. (43),
transforms

Jl]f(r —r') — J[],’)‘(r -1’ = J[]f(r -1+ JEXB(I')7 (67)

where

JdXB = __/dXZ dxn

X [d x B-YP(r x,, .. x,)pP O (r, %y, . . X,)
x,)pB - ¥YB(r,x,, .. xn)}

(68)

+ ‘P‘(l(n*(l’, X). ..

Allowing for the Ehrenfest

relationship [7]

off-diagonal hypervirial

i

i JIPla) = (j|R|a) (69)
one finds

dxB le = R — R R
‘Pax _ ﬁR\{J‘(lo)7 R=R - <a|R|a>7 (70)
then
JSXB( ) deB( ) (71)

The conservation condition for J4*®(r), is obtained from
Eqgs. (64) and (68),

/ 1B = / & (I8P I3

2
= —=—€p o, B(;({Px,P/;} ]—menéx/;) =0.

T om 2
(72)

This is satisfied by the AMM sum rule [11]

{Pa, I3ﬁ}71: MeNdyp, (73)

which is the Thomas—-Reiche-Kuhn (TRK) sum rule for
oscillator strengths within the dipole velocity gauge, also
providing a condition for origin independence of calculated
magnetizabilities [11, 15, 25, 40, 48-51]. We emphasize
that the Ehrenfest relationship (69) yields the basic con-
dition for the existence of sum rules (58), (60), (73) and
identities (70), (71).
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In the gauge translation (62), the components of the
magnetizability tensor change according to the relation-
ships [11, 15, 40, 53]

" ! 62

fg/ﬁ(r )= ‘fgﬁ(r) +4me
x [2(alR, (x')]a)dspd, — dp(a|Ru(x')|a)
— d{a|Ry(x')|a) — n(d,d,d,5 — dudp)],  (74)

“p " _ P ’ e_
Gx/;(r ) fxﬁ(r) +4mz

X [da(Em(s{f’y,iﬂ(r/)}71+6p-},g{ﬁy,lﬁa(l‘/)}il)
+ d(sduewéeﬁ/l,u{ﬁya p).}_]:lv

(75)

and the analogous change for the magnetic shielding tensor
of nucleus [/ is given by [12, 13, 15, 25, 40, 48-51]

aYouy — du(a|E}|a)),

(76)

" ’

ayp(r) = agp(r)
e
 2myc? (d;,<a

o
EI},

2
YOG Y e D
o) = () =5 s dsepa{ M7 P} (77)

The total magnetizability, Eq. (23), is origin independent if
the sum rules (60) and (73) are satisfied, and the condition
for origin independence of nuclear magnetic shielding, Eq.
(26), is given by the sum rule (58).

4 Methods of continuous translation of the origin
of the current density

Geertsen proposed to rewrite the diamagnetic contributions
to total magnetic properties of the conventional theory [1,
2, 4] in propagator form [22-24]. The nice feature char-
acterizing the Geertsen approach is that the calculated
average magnetic shielding at a nucleus is origin inde-
pendent, irrespective of size and quality of the gaugeless
basis set retained within the algebraic approximation.
Correlated and gauge-origin-independent Geertsen-type
calculations of magnetic properties of triply bonded mol-
ecules [54, 55] and simple singly bonded molecules [56,
57] at the second-order polarization propagator approxi-
mation (SOPPA) [58] level have been reported.
Geertsen developed his approach via the commutators

i
4n

B i
A“A;nl - ﬁ

AEAE = B, Bseap[ra, rﬁié] )

Bymys€qpy[ra, T, /fMI&]' (78)

In the spirit of the Geertsen method, Smith et al. [26]
proposed a sum-over-state expression for the diamagnetic
contribution to the nuclear magnetic shielding tensor. They
used the commutator

"o, [r“vﬁ — 15V, r}’] = Talo, — rﬁrO/zécwa (79)

see their Eqs. (23)-(25) for a gauge origin r.

Slightly modifying the Geertsen formulation [22-24], it
is expedient to introduce the Hermitian one-electron
operators

i = vy + ), (50)
i, = % (ruMy, + My,r), (81)
so that

ABAR = LB B, [ras ], (82)
A];A;“’ = évaIﬁE%ﬁv [ra, fIﬂﬁ]. (83)

Therefore, allowing for relationships (2), (3), (15), (16),
(82) and (83), the n-electron operators for the diamagnetic
contributions can be rewritten in the form

A iez L

éaﬂ = 8m,h ;{6/3?5 [r"/’ ’250‘] PRRE [VW ﬁ5ﬂ] i}
L, (84)
e A A~ N N
= s 80 Ry, Usa] + o Ry, Usg] .
) n
. ie .
U?[f’ = m Epyd Zl [rw tfa'z],'
5 o (85)
e N ~
- m €pyo ; [RV’ TIJJ )
where
Upp(r') = Z Ui (1)
i=1
1 <& A A
=3 [(ria = P lip(¢") + Lip (<) (ri = 1), (86)

is related to the Hermitian magnetic quadrupole operator
[59]

A €
mepy, = —3—WU1/37 (87)
and
TZ/}(I‘/) = Zflz/; (l'/)
i=1
1 . i i
=3 |(ria = ), + 8} (s — 1)) (88)
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Now, using the resolution of the identity
> il =
J

the hypervirial relationship (69), with (a|P,|a) = 0, and
the expression (22) for the propagator, A contributions to
magnetizability and nuclear magnetic shielding are

obtained,
2
e
e = go (ool PO} rensl Pl ). (89)
oA — 32 Ao
Oup = W 6/)’75{})7? Tln(h }_17 (90)

which reduce to the conventional diamagnetic terms, Egs.
(24) and (27), in the limit of exact eigenstates and optimal
variational wavefunctions.

Within the computational procedure developed by KB
[27, 28, 29], the current density induced in the electrons of
a molecule by a spatially uniform static magnetic field is
evaluated at every point of space assuming that the same
point is also the origin of the coordinate system. Magnetic
properties are then calculated by differentiating the rela-
tionships of classical electrodynamics, Eqs. (46) and (47),
involving the current density, according to the definitions
(18) and (19). The KB approach has been implemented
developing a pointwise procedure [27-29].

We will now show that the procedure of Keith and
Bader [27-29] is computationally equivalent to that of
Geertsen [22-24] reformulated in Egs. (80)—(90).

The total current density vector field induced in a mol-
ecule by an external magnetic field, Eq. (41), is a function
of position J® = JB(r), whose origin can arbitrarily be
chosen in the case of exact and optimal variational wave-
functions [7]. In a change of coordinate system, Eq. (61),
diamagnetic and paramagnetic contributions change
according to Eqgs. (63) and (67), but the total function
should remain the same [14, 15], that is,

JB(I‘ _ I‘”) _ JB(I‘ . I‘,) +Jt(ir”7r)><B(r) +J[()r”—r’)><B(r)
= JB(I‘ — r/) = JB(r)‘
(91)

This notation implies that diamagnetic and paramagnetic
components, which depend on the coordinate system, are
evaluated corresponding to different origins.

Let us now consider continuous coordinate translations
whereby either the diamagnetic or paramagnetic contribu-
tions to the total current density are systematically annihi-
lated at every point r, all over the domain of a molecule.
These procedures were referred to as CTOCD-DZ and
CTOCD-PZ, setting to zero either the diamagnetic or
paramagnetic terms of the J® field.

@ Springer

The n-electron (diamagnetic) Larmor current density,
J8(r—1r") in Eq. (63), is formally killed within the
CTOCD-DZ scheme for every point r by choosing that
point as origin of the coordinate system [27-29], so that

Br—r)=-J3"%w. (92)

Such a procedure amounts to killing everywhere the vector
potential (2), appearing in the definition of the diamagnetic
current density (42). However, it is impractical to regard
this procedure as a continuous gauge transformation, as this
would imply that also the second-order energies, Eq. (46)
and second identity of Eq. (47), vanish. That’s the reason
why the denomination CTOCD seems preferable to CSGT.

The expression for the total CTOCD-DZ current density
contains two non-Larmor terms, both referred to the ori-
ginal coordinate system, that is,

) = 38— ) + 35 ), (93)

where, allowing for the CTOCD prescription r” = r in Eq.
(68), the second term on the r.h.s. is given by

Jl(7 )XB( - _7/dx2 an
x | = 1) x B WO pyl

+ PO (" — 1) x B PP

r'’=r

(94)

This notation means that r” is put equal to r after operating
with p. It is convenient to recast relationship (94) in tensor
notation,

J(rfr’)xB(r

po

ne
-r) = *m—eﬁﬁw( 4 — 13)B, /dX2 dx,
% ngxs)o*ﬁa\},gm_i_\P((l())*ﬁal{,{(lde)a]
(95)

The total quantum mechanical current density is an invariant
quantity, mapped onto itself in a gauge transformation, in the
ideal case of electronic wavefunctions satisfying hypervirial
theorems, for example, optimal variational eigenfunctions
[7]. In particular, it remains the same in a change of
coordinate system, as recalled above. Then comparison
between Eqs. (41) and (93) necessarily implies that the new,
formally paramagnetic, term should be equivalent to the
diamagnetic contribution in the conventional formulation,
that is,

I () = B e —r), (96)

for every r. This relationship can be directly proven via
Egs. (42) and (94), using off-diagonal hypervirial rela-
tionships [15], for every plane perpendicular to B, where
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the original diamagnetic flow takes place. However, it
should be recalled that the formal replacement, according
to Eq. (96) of the diamagnetic term described by Eq. (42)
with a paramagnetic one in Eq. (93), introduces a spurious
paramagnetic component along the inducing magnetic field
in Eq. (94). Nonetheless, this quantity does not contribute
to the diagonal components of response properties [15].

In a change of coordinate system (61), the transforma-
tion laws for (43) and (95) are, respectively,

ne
Jl]fa(r -1 = J?a(r —-r) - m—ee/;yfs(rg ~14)B, / dx,. . .dx,

% ngxs)d*ﬁal},gm+\P{(lo)*ﬁﬁ,((ldx3>d}

©7)
and
Jl(;o‘:r )><B(r _ I‘N) _ J;I;:r )><B(r _ I',)

+%€ﬁ75(r% — #)B, / dx,. . dx,
% ‘PfldXB)“*ﬁa‘Pﬁm+‘P§0>*ﬁawﬁdxmé]
(98)

Two equal terms with opposite sign appear on the r.h.s of
these equations, and then, the total CTOCD-DZ current,
obtained by the algebraic sum of (97) and (98), is origin
independent. Its origin independence is guaranteed also for
approximate wavefunctions, whereas the property (41)
expressed as a sum of conventional diamagnetic (42) and
paramagnetic (43) contributions is invariant only in the
ideal cases recalled above.

Within the analytical CTOCD-DZ procedure [25, 60—62],
expressions for & and ¢’ tensors are obtained from the sec-
ond-order energies (46) and (47), substituting the current
density, Eq. (93), and differentiating according to the defi-
nitions, Egs. (18) and (19). The “diamagnetic” A-contribu-
tions are given by exactly the same relationships, Eqs. (89)
and (90), arrived at via a modified Geertsen method.
Therefore, the analytical CTOCD-DZ method [25, 30, 60—
62] is fully equivalent to that of Geertsen [22—-24] and to that
implemented by Keith and Bader [27, 28], using the same
philosophy to annihilate the diamagnetic current density
term and numerical integration.

In a translation of origin r' — ¥’ =r' +d,

Ua[;(l"/) = Ua[;(r’) — dvﬁﬁ);éva& (l‘/) — de‘[;(l’/)
+ dydy 5P, (99)
TZ/;

(") =T}, (t') — d,Mj, (100)

where the Hermitian virial tensor operator [7] Vg

appearing in the transformation law, Eq. (99), for Uaﬁ,
see Eq. (86), is defined

n

1 A .
Vap) =53 [ = )b + Bl — 7))
i=1

Therefore, the changes of the diamagnetic CTOCD-DZ
contributions are evaluated from

(101)

&2

£A A
goc/i(r//) = éa/ﬁ’(r/) T

Jolfis12) i) )
+ d; (€xy5€pn + €pyo€ain) {13;,, V&H(r/) }71

—dyd;, (600/55/“# + Gﬁvéﬁaiu) {13,1, 13*/}71} )
(102)
A e m B
O_aé(r//) — o'%(r/) + wdﬁGmg{MZ,P?} v (103)
On summing paramagnetic p and diamagnetic A
contributions in Eqs. (77) and (103), full cancellation of
equal terms linear in dj takes place on the r.h.s., then the
total CTOCD-DZ  shieldings ¢/, = a% —|—a% are origin
independent. Terms depending on the square of the d shift,
Eq. (61), in Egs. (75) and (102) cancel out on summing,
then total CTOCD-DZ magnetizabilities are origin
independent if the AMM sum rule (60) and the additional
constraint

{imp[i}71: 60{7({1353 V‘y‘/i},l

are fulfilled.

In Eq. (61), the shift of origin is represented by an
arbitrary constant vector d. Within the CTOCD-PZ
approach, a general transformation function d = d(r) is
sought, specifying the origin of the coordinate system in
which the paramagnetic contributions to the current density
is formally annihilated. This function is evaluated point-
wise via the condition determined by Eq. (67). The Lh.s. of
this relationship vanishes for

(104)

J;f(r -r) = —J‘,(f”_‘”’)XB(r)7 (105)
which gives the 3 x 3 system of linear equations
Md =T, (106)
where, allowing for Eqgs. (66) and (67),
Msg = Ee“ﬂ},B., / dx,. . .dx,

e (107)

% [\{;((deB)“*ﬁ(S\PC(IO) +\Pgo>*ﬁ6q,gdxn)x},
and
. _ _ne By qs(0) (0) & \pB,
Ts = ——B, | dx,...dx, |V, ps'¥,” +¥, " ps¥,"|.

me

(108)
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The 3 x 3 M matrix defined by Eq. (107) is singular, for
example, for B = Bes, its last column vanishes.

M, M, 0
M= (M, M, 0 (109)
M, M, O

In physical terms, the quantum mechanical paramagnetic
current flowing in the direction of B cannot be annihilated
[15]. Therefore, a 2 x 2 subsystem of Eq. (106),

M XX M xy d X _ Tx
M)’x M,V,V d)’ B T‘y ’

is solved, over a grid of points in real space, to determine
the components

(110)

d. = TxMyy _ Tny,v
' MxxMyy - MxyMyx ’ (1 1 1)
Tvax - TxMyx
dy = —

T MM,y — MM,

of the shift vector function that annihilates the paramag-
netic current over planes perpendicular to B.

Thus, within the CTOCD-PZ scheme, the transverse
current density contains only contributions that are for-
mally diamagnetic,

B = Jg(rz— r)+J9B(r-r)

e Y B T I}

(112)

To show that the PZ current density, Eq. (112), is origin
independent, it is sufficient to verify that the shift functions
transform like a vector in a translation of coordinates, that
is,

dy(r—x)—d,(xr—x")=d]—d] =7 —r, =s,,
(113)
see Fig. 1.

From the invariance constraint, Eqs. (91), and (105), the
identity

JOB(r—r) sz(r—r’) (114)

is obtained. This relationship does not provide a recipe for
calculating the shift functions in the approximate case but
yields the definition of exact d(r),

ar) =2 [0 )] 72 w),

[RICIEA

using the paramagnetic contribution to the current density
tensor, Eq. (51).

The Eqs. (109)—(111) are valid for cyclic permutations
of x, y, z; therefore, the transverse PZ current density (112)

(115)

e2

@ Springer

Fig. 1 Coordinate systems used in the CTOCD-PZ procedure. For
every point r, the origin is translated to a point d(r), so that the
paramagnetic contribution J;,; to the current density, evaluated with
respect to the new origin, vanishes

is explicitly origin independent also for approximate
electronic wavefunctions, since it depends on the differ-
ence r — d(r) of two vectors whose origin can arbitrarily
be chosen.

The total CTOCD-PZ magnetizability is obtained by
differentiating the second-order energy

o 1
I L N P
ga[f = éxﬂ‘i’gap = _anaB/}_< 2/.] A”d r>,
(116)

in which (fg/g is the conventional diamagnetic term (24) of
the van Vleck theory [1], and the éanﬁ term is obtained by

numerical integration from the second addendum within
brackets on the r.h.s. of Eq. (112). A formal expression is
obtained,

¢TI e (0)
gg{ﬂ = y (r)

4m,

1
X {d,,(r)ryéw —3 [d%(r)rﬁ + radﬁ(r)] }d3r,
" dm, a

replacing &5s of the canonical theory [1].
It is expedient to define a multiplicative operator

D(r) = Zn: d;(r)

En:{dy(r)ry%ﬂ —% [y (X)rp +rudp(r)] }

i=1
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for n electrons, with expectation value

<a|ﬁ“’a> = <a znl:diz a>,

then, denoting the origin shift in Eq. (61), " — ¢ =s =
d —r”, as in Eq. (113), the change of the formally
paramagnetic contribution (117) to the magnetizability is
written

(118)

w)

L (1) ]a) + (a| Dy (x')|a)) 045

Ry(r')|a) +(a|Dy(r')|a))
Da(r/)|a>)]

1
3l
+sp({alale)a) +(a
—n(5,8,0up = 525p) }

(119)

Therefore, the condition for invariance of total CTOCD-PZ
magnetizability is obtained by comparison with Eq. (74),

<a|1§a|a> = <a|D“|a>, (120)

valid for any coordinate system, since the operator D,
transforms like a vector, according to Eq. (113). In par-
ticular, (a|D,(R,)|a) = 0 in the limit of a complete basis
set calculation, if the origin of the coordinate system lies
at R,, the electronic centroid: the allocentric [63] PZ
procedure scatters the origin of the current density in such
a way that the statistical average of the d,(r) functions
vanishes.

The IT contribution to the magnetic shielding at nucleus
I is obtained by differentiating the second-order energy
(47), from the second addendum within brackets on the
r.h.s. of Eq. (112). Using numerical integration, it becomes

oy = ¢ / 7 O(r) [d, (1) Ey, (£)d,5 — da(r)Ey, (r)] d*r

" 2my,c?
Z(d,}EA‘l[/éa/} — d,'xEA';ﬁ) a>.

e
- a
2m,c? —

The change in the IT contributions to the nuclear magnetic
shieldings in the translation (61) of the origin of the
coordinate system is

au (") = a, (r)

€ n
RERATIR—
e

(121)

fn
E I

")
(122)
then there is complete cancellation with the corresponding

change in Eq. (76), and the total CTOCD-PZ shielding is
origin independent irrespective of basis set size and quality.

Calculations of magnetizability and nuclear magnetic
shielding in molecules employing the CTOCD-PZ
approach have been reported [37, 38, 64-66].

5 Concluding remarks and outlook

A review and new perspectives are presented on the con-
nections among various methods of calculation of molec-
ular magnetic response properties, all constructed with the
aim of finessing the troublesome gauge-origin problem that
plagued calculations of these types in the latter half of the
twentieth century. The analytical formulation of CTOCD-
DZ procedures, based on the ipsocentric choice of origin
that formally annihilates the diamagnetic contribution to
magnetic field-induced quantum mechanical current den-
sity, provides a compact and unitary theoretical framework,
showing the equivalence of apparently unrelated work of
different authors. CTOCD-PZ methods, formally destroy-
ing the paramagnetic contribution to the electronic current
density via a systematic allocentric choice of origin, have
only been implemented at numerical level: an analytical
formulation of the PZ philosophy has not so far been
reported. Attempts at developing CTOCD-PZ algorithms
via closed-form equations would seem theoretically inter-
esting, as well as able to be used for practical purposes.
Whereas current computational techniques based on
gauge-including atomic orbitals meet the requirement of
translational invariance of calculated magnetic properties,
they do not necessarily guarantee current/charge conser-
vation. On the other hand, CTOCD schemes account for
the fundamental identity between these constraints, which
are expressed by the same quantum mechanical sum rules.
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